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Table 3 Natural frequencies of square isotropic plates with at least
two free edges (v = 03)

Boundary conditions

Clamped
(x - 0, x = a)

Free
(y = 0,y = a)

Clamped
(x = 0)

Free
(x = a, y = 0, y = a)

Clamped
(X = 0, y = 0)

Free
(x = a, y = a)

Asymptotic analysis Ref. 7
kxa kya (oa2(p/D)1/2 coa2(p/D)1/2

1.417 0.838
1.280 1.696

2.465 0.860
1.190 2.598
2.381 1.807

0.544 0.702

0.498 1.553
1.528 0.844
1.546 1.733

0.449 2.518
2.513 0.860
1.535 2.641
2.537 1.815

0.545 0.545
0.501 1.512
1.512 0.501
1.545 1.545
0.449 2.504
2.504 0.449

26.73
44.56

67.29
80.60
88.17

7.788

26.27
30.06
53.21

64.54
69.63
92.08
96.06

5.866
25.05
25.05
47.13
63.87
63.87

22.17
26.40
43.6
61.2
67.2
79.8
87.5

3.430(L), 3.473(U)fl

7.260(L), 8.547(U)
20.87(L), 21.30(U)
26.50(L), 27.29(U)
28.55(L), 31.17(U)
51.50(L), 54.26(U)
60.25(L), 61.28(U)
64.2
71.1

92.14(L), 97.21(U)

6.958(U)
24.80(U)b

26.80(U)C

48.05(U)
63.14(U)b

" (L) and (U) denote lower and upper bounds.
b Mode antisymmetric with respect to x = y.
c Mode symmetric with respect to x = y.

of the structural symmetry with respect to this diagonal. Young's
results8 reproduced by Leissa7 and given in Table 3, while not
revealing commensurate modes, include two natural frequencies
(second and third) which differ by only eight %. The asymptotic
analysis similarly suggests that the fifth and sixth natural
frequencies are almost equal, but unfortunately the writers have
been unable to find values reported for frequencies beyond the
fifth.

Although it appears that the lower frequencies are not so
accurately predicted as when the transverse displacement
vanishes everywhere on the plate boundary, and bearing in mind
that beam-like modes are overlooked, we conclude that Bolotin's
method is a useful technique for the estimation of natural
frequencies of a plate when a portion of the boundary is
unsupported.
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Calculation of Compressible Turbulent
Free Shear Layers
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Introduction

NOTWITHSTANDING its well-known shortcomings,
Prandtl's mixing length theory has been a valuable

engineering tool for the prediction of mean velocity fields in
turbulent shear layers. Recently Rudy and Bushnell,1 employing
different values of normalized mixing length for planar and
axisymmetric flows, satisfactorily predicted a wide range of free
turbulent flows except with large sustained density differences.
Considering the success of mixing length theory in compressible
wall shear flows,2'3 Rudy and Bushnell suggested the neglect in
their solution procedure of turbulence induced transverse static
pressure gradients as a possible cause of the poor predictions in
supersonic free shear layers with large density differences. Data
reported by Brown and Roshko4 for binary gas mixing show
very small effects of density variation on the spreading of a
turbulent mixing layer in low-speed flow. They postulated that
the large differences in spreading observed in supersonic free
mixing layers is an effect of Mach number rather than an effect
of density variation. The motivation of this Note is to resolve
some of the questions raised previously and to extend the
applicability of Rudy and BushnelFs mixing length theory to
include supersonic free turbulent mixing.

In the following analysis the normal momentum equation is
coupled with the conventional equations of motion and solved
iteratively. Results show the transverse static pressure variation
has very little direct effect on the mean flow variables in com-
pressible free turbulent shear layers. Indirect effects of static
pressure variation through correlations of the fluctuating
pressure and fluctuating velocity field (also mentioned by Rudy
and Bushnell as a possible mechanism responsible for the
observed decreased mixing at higher Mach number) have to be
assessed by higher order closure methods not considered herein.
However, recently Bradshaw5 obtained improved predictions of
skin friction for supersonic turbulent boundary layers with
pressure gradient by including a "mean dilatation effect" in the
shear stress equation. His success prompted the present effort to
apply a "mean dilatation" correction factor to the mixing length
to see if the Mach number effect on spreading rate of a free
shear layer would be correctly accounted for. Results show that
the use of a mixing length corrected by a properly weighted
average value of Bradshaw's5 mean dilatation factor predicts
supersonic turbulent free shear layers correctly.

Analysis
We consider the turbulent homogeneous mixing of two-

dimensional or axisymmetric supersonic jets with a low-speed
gas as shown schematically in the insert on Fig. 1. With the usual
approximation that streamwise derivatives are small compared
with normal derivatives, the conservation equations for the mean
quantities may be written in the following form:

= 0 (1)

pudu/dx + pvdu/dy + y~jdyj(pu'v' — Re~lp. du/dy)/dy = 0 (2)

dy = Q (3)
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Fig. 1 Compressible mean dilatation correction factor F at x = 10 cm.

Re~1ftdu/dy)/dy = Q (4)
where Pr = cp fi/k, Re = pe ue L/fte, 7 = 0 for two-dimensional
flow, 7 = 1 for axisymmetric flow, and subscript e refers to
conditions on the high-velocity side of the shear layer. In the
above it is assumed that, without change of notation, all
variables are made dimensionless as follows: all lengths are
referred to L, velocities to ue, pressure to peu2, density to pe,
temperature to u2/cp, total enthalpy to u2, and viscosity to the
value of [i at T = Te.

In the previous equations, mass weighted temporal mean
values6 for velocity, total enthalpy, and temperature are denoted
by tilde, and conventional time average values for density and
molecular transport coefficients are represented by an over-bar.

Equations (1-4) and the equation of state
P = pf(y-l)/y (5)

describe free turbulent shear flows completely with proper closure
assumptions for the turbulent correlation terms.

The molecular transport terms, which are usually negligible in
fully turbulent flow, are retained so that laminar flow problems
may be computed without any added difficulty in numerical
solution procedures.

The closure assumptions are made on turbulence structure and
mixing length / as follows :

^^=_pl2\du/dy\du/dy (6)
pi/2 = c pu'v'\ (7)

(8)
(9)

l = l m F - (10)
F=l+*(dujdxj/\du/d$ (11)

For fully developed turbulence c and Prt are assumed constant
with values of 1.3 and 0.9, respectively.7'8

F is a correction factor derived from Bradshaw's work5 for
the mean dilatation effect on the turbulence production term in
the shear stress transport equation. Here we will use F with
a = — 8 (Refs. 5 and 9) to modify the conventional mixing length
lm as in Eq. (10) (this is the correct interpretation if flow is locally
in equilibrium). Rudy and Bushnell gave the following values
for mixing length

IJ8 = 0.07 (12)
for the two-dimensional shear layer where d = lA25b0 05. The
quantity b0 05 is the width of the mixing zone measured between
stations where ii/ue = 0.05 and u/ue = 0.95.

Equations (1-5) together with closure assumptions (6-12)
are solved by an implicit (Crank-Nicholson) finite-difference

pH'vf =
Prt = (M/d
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Fig. 2 Mean axial velocity, predictions, and measurements.

method. Nondimensional variables are used in their primitive
form in the solution procedure. The normal momentum equation
was coupled through an iteration procedure and the finite-
difference expressions were linearized. __

Equations (6, 4, 5, 2, and 1) are solved sequentially for pu'v',
f t , p, u and v, respectively. The latest updated variables are used
in each of the equations. This procedure is repeated until u and
v converge. Then the calculation is advanced to the next x step
and p is computed from Eqs. (3) and (7) before the sequential
procedure described above begins. New F values were computed
once every two steps at the end of the iterative cycle.

Results and Discussion
In order to evaluate the method, calculations are compared

with Morrisette's10 Mach 5 turbulent freejet measurements.
Computations were started at x = 2.54 cm with measured profiles
as initial conditions. Initial profiles of P were generated from
u profiles since measured values were not available (measured
u values were used as u}. Constant values the same as initial
conditions at both edges were used as boundary conditions.

Three different methods were used in the calculations to assess
the effect of transverse static pressure variation and mean-
dilatation corrections separately. These methods are: 1) mixing
length only without normal momentum equation, 2) mixing
length and normal momentum equation, and 3) mixing length
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Fig. 3 Static pressure at x = 10 cm.
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Fig. 4 Spreading parameter.

with a mean-dilatation correction factor and the normal
momentum equation. In Method (3), an average value at a given
x station, defined as

F(x)=\ Fdy/(y2~yi)

has been used to avoid numerical difficulties. A typical computed
variation of F is shown in Fig. 1 and the corre_sponding F which
was used in the calculations. This average F was taken only
over the portion of the shear layer where momentum diffusion
is important as indicated by region between yv and y2 in Fig. 1.
Outside of this region the small values of momentum or velocity
gradient caused the diffusivity_correction to be of no significance
in the solution. The value of F was found to vary from 0.703 at
x = 7.3 cm to 0.553 at x - 24.4 cm.

Predicted mean axial velocity, static pressure, and spreading
parameter a are shown in Figs. 2-4 respectively.11'12 <r has been
defined by the relation4 a = 1.32/Afy where A^y is the angular
distance between two rays ^ and r\2 defined by
["(*/i)~ "«]/("«• ~ "00) — (0.1)1/2 and ["(ffa) —"oo]/("e~"oo) =
(0.9)1/2. The inclusion of the normal mean momentum equation
alone, without considering effects of pressure variation on the
turbulence structure itself, does not improve the prediction. But
simple mixing length theory with a mean dilatation effect
correction, though it lacks sound analytical backing, predicts the
turbulent free shear layer surprisingly well as can be seen in
Figs. 2 and 4. It should be noted that the inclusion of the mean
dilatation "correction factor" is in some sense a crude attempt
to include the influence of the important p' dM//dxf term which
appears in the compressible form of the turbulent kinetic energy
equation. This term is expected to reduce 1717 and one would
expect that generally dulldxi would be proportional
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Effect of Finite Chemical Reaction
Rates on Heat Transfer to the Walls

of Combustion-Driven Supersonic MHD
Generator Channels
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THE effect of finite-rate homogeneous chemical reactions on
heat-transfer rates to rocket nozzles is well known. It has

not been widely recognized, however, that these effects may be
important in combustion-driven supersonic MHD power
generators, where conditions are similar to those in rocket
nozzles. Data taken at the Institut fur Plasmaphysik in
Garching, Germany, and preliminary boundary-layer calcu-
lations done at Stanford Univ. indicate a significant reduction
in wall heat flux due to finite rate effects.

Finite reaction rates may manifest themselves in two ways.
First, the expansion process may be rapid enough to cause
freezing in the bulk of the flow; secondly, gradients in the wall
boundary layer may be severe enough, especially in turbulent
flows, to cause freezing in the wall region. Comparison of
reaction times1 and the various flow characteristic times indicates
that it is the latter case which is likely to occur for the
experiments considered here.
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